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Abstract 

Given a surface in an asymptotically flat 3-manifold with nonnega- 
tive scalar curvature, we derive an upper bound for the capacity of the 
surface in terms of the area of the surface and the Willmore functional 
of the surface. The capacity of a surface is defined to be the energy 
of the harmonic function which equals on the surface and goes to 1 
at oo. Even in the special case of R^, this is a new estimate. More 
generally, equality holds precisely for a spherically symmetric sphere 
in a spatial Schwarzschild 3-manifold. As applications, we obtain in- 
equalities relating the capacity of the surface to the Hawking mass of 
the surface and the total mass of the asymptotically flat manifold. 

1 Introduction 

The research in this paper was partly motivated by the following theorem. 

Theorem (p.j) Let {M^,g) be a complete, asymptotically flat 3-manifold 
with boundary with nonnegative scalar curvature. Suppose its boundary dM 
consists of horizons (that is dM has zero mean curvature) . Let G{x) be a 
function on which satisfies 

lim^^ooG = 1 

AG = (1) 
G\dM = 0. 

Then 

m>C, (2) 



*Department of Mathematics, Duke University, Durham, NC 27708, USA. E-mail: 
bray ©math . duke . edu 

^School of Mathematical Sciences, Monash University, Victoria, 3800, Australia. E- 
mail: Pengzi.Miao@sci.monash.edu.au 



1 



where m is the total mass of {M^,g) and C is the constant in the asymptotic 
expansion 

= 1 - ^ + ( ^ ) at oo. (3) 



\x\ 



Furthermore, equality holds if and only if the manifold {M^,g) is isometric 
to a spatial Schwarzschild manifold outside its horizon. 

This theorem was estabhshed to prove the Riemannian Penrose Inequal- 
ity in [Ij. It was later applied in [6] for a generalization of Bunting and 
Masood's rigidity theorem |3] on static vacuum spacetime with black hole 
boundary. Considering these applications, it is of interest to know whether a 
simiar theorem holds on an asymptotically flat 3-manifold with a boundary 
that does not necessarily have zero mean curvature. A corollary to our main 
result, Theorem [T] stated in a moment, is the following: 

Corollary 1 Let (M^,g) be a complete, asymptotically fiat 3-manifold with 
nonnegative scalar curvature with a connected smooth boundary. Assume 
{M^,g) is diffeomorphic to \ where Q is a bounded domain. Let G{x) 
be a function on {M^,g) which satisfies 

lima;^oo^ = 1 

AG = (4) 

S\aM = \J !sM ^^dfi, 

where H is the mean curvature of dM and dfi is the induced surface measure. 
If dM has nonnegative Hawking mass (that is Jgj^jH'^dn < 16tt), then 

m>C, (5) 

where m is the total mass of{M^,g) and C is the constant in the asymptotic 
expansion 

g{x) = l-^ + o(-^] at oo. (6) 

\x\ J 

Furthermore, equality holds if and only if the manifold {M^,g) is isometric 
to a spatial Schwarzschild manifold 



(Mr^gi) = ( [ro, oo) x S\ ^^^dr^ + 



where tq is some positive constant satisfying rg > 2m and da"^ is the standard 
metric on the unit spere S'^ C M^. 

Before we state our main result, we first define the capacity of a surface. 
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Definition 1 Let (Af^,(7) he a complete, asymptotically flat 3-manifold with 
a nonempty boundary T, . T/ie capacity o/ S m (M^ , denoted by Cm C^, g), 
is defined to be 

where the infimum is taken over all locally Lipschitz (j){x) which go to 1 at 
oo and equal on S. 

When {M^,g) is the complement of a smooth bounded domain Q in 
the Euclidean space (M^,(7o), CM{d^, 9o) is simply the usual electrostatic 
capacity of dQ [7\. In this case, we write CM{dQ, go) as C{dQ). Our main 
theorem is the following: 

Theorem 1 Let {M^,g) be a complete, asymptotically flat 3-manifold with 
nonnegative scalar curvature with a connected smooth boundary. Assume 
{M^,g) is diffeomorphic to \ Q,, where is a bounded domain. Then 



Cm(5M,5) < jMfi+ M / H^d^i], (8) 



IGvr \ \/ IGvr 



dM 



where \dM\ and H are the area and the mean curvature ofdM. Furthermore, 
equality holds if and only {M^,g) is isometric to a spatial Schwarzschild 
manifold 

1 



{Mr,,gi) = ( [ro,oo) x S^, ^dr"^ + da"^ 



where tq is some positive constant satisfying rg > 2m and da"^ is the standard 
metric on the unit .sphere S"^ C M^. 

As an immediate corollary, we have a new estimate of the capacity of a 
surface in (M^, go). 

Corollary 2 Let Q. C (M'^,5o) a bounded domain with a connected smooth 
boundary. Then 



Furthermore, equality holds if and only if ft is a round ball. 



(9) 



We note that it is interesting to compare ([9]) with the classical isoperi- 
metric inequality in R^: 
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47r y - V 47r V 167r ^ ^ ' ^ ^ 
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where V is the volume of 17 C M^. It is known, among all domains $7 with a 
fixed amount volume V > 0, C{dil.) is minimized by a round ball [7], i.e. 



Hence, Q is analogous to the classical isoperimetric inequality pUI) . but 
where both sides of the inequality are increased. 

We outline the idea of the proofs of Corollary [1] and Theorem [TJ For 
both results, we apply the technique of weak inverse mean curvature flow as 
developed by Huisken and Ilmanen in [3]. The topological assumptions on 
ensures that the Hawking mass of the flowing surface Sf is monotone 
nondecreasing for positive t. A key step in the proof of Theorem [T] is to 
use the flow to construct a special test function that gives the estimate 
([1]). Such a construction was first used by Bray and Neves in [2]. It is 
a convenient feature of Corollary [T] and Theorem [T] that, though they are 
proved by applying the weak inverse mean curvature flow technique, they 
hold without assuming the boundary surface is outer minimizing (see [I] 0] ) . 

This paper is organized as follows. In Section [2l we recall some classical 
results on capacity of convex surfaces in from the work of Polya and Szego 
in [7] to illustrate that the weak inverse mean curvature flow technique fits 
naturally with the classical method. In Section [31 we apply the theory of 
weak inverse mean curvature flow to prove a general theorem on Cj\/($],(5r), 
which includes Thereom [T] as a special case. In Section [H we relate our 
estimate on Cm(S, 5) to estimates of the Hawking mass and the total mass, 
and prove Corollary [H In Section [H we give an application of Corollary [T] 
to the study of static metrics in general relativity. 

2 Capacity of convex surfaces in 

We first give an account of some classical methods and results from ^ in 
estimating C(S) for convex surfaces S in R^. 

Let S be a closed, connected surface bounding some domain in 
R^. One basic idea in estimating C(S) is to minimize J^s^^ \^v\'^dgo over 
functions v which have given level surfaces {S^}. These level surfaces form 
a one-parameter family. Therefore, after the selection of {S^}, v becomes a 
function of one variable and the infimum of J^3\q \'^v\'^dgQ over all such v 




(11) 



On the other hand, the Willmore functional Jq^ H^dfi satisfies 
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can be easily evalutated. Precisely, we fix a function ■0, defined on \ 
which satisfies 

> 0, Vis = 0, lim il> = oo. 

Let {St = ^l'^^{t) \ < t < oo} be the family of level surfaces of ^|). For 
any other function v having the same level surfaces {S^}, v must have the 
form v{x) = f{i^{x)) for some single variable function /(i), which satisfies 
/(O) = and /(oo) = 1. By the co-area formula, we have 

/ \Vv\^dgo = r([ f'{tf\Vi^\dfi]dt 
Jr3\q Jo ViSt / 

= l^J"^^^'{l^ \V^\df?jdt. (12) 

Define 

Tit) = ^J^ iVVId/^, (13) 
which is determined solely by the level surfaces {S^}. Then 

/•CXD 

C(E) < / fitfmdt. (14) 

JO 

Applying the fundamental theorem of calculus and the Holder inequality, 



< 

Thus 



POO \ / ;>oo \ 

ntfT{t)dt) [I ntr'dtj . (is) 



(/•oo \ —1 roo 

T{tr^dtj < f'{tfT{t)dt (16) 

for all f{t) with equality if and only if 

where A = (Jq°° T{t)~^dt) ^ . Choosing such a /(t), we show that 

C(S) < T{t)-^dt^ . (18) 

Now suppose E is a convex surface in W"'. A natural choice for {St} is 
the family of level surfaces of the distance function to S. We let ^^{x) = 
dist{x, S) and define 

St = {x I dist{x, S) = t}. (19) 
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Then |VV'| = 1 everywhere and T{t) = ^j^, where is the area of Sj, 
given by 

\j:t\ = m + (^j Hdf?jt + 47rt'^. (20) 
This leads to the following theorem of Szego. 
Theorem ([7J) IfT, is a convex surface in (M^,go); then 



where 



M = \l Fd/.ande2 = i_M^. (22) 



3 Capacity of surfaces in asymptotically flat man- 
ifolds 

Obviously, most of the calculations in Section 2 work on any non-compact 
Riemannian manifold. The key step is to make a good choice of {St} so 
that the corresponding T{t) can be efficiently estimated. In this section, we 
consider asymptotically flat 3-manifolds, on which the theory of weak inverse 
mean curvature flow developed by Huisken and Ilmanen [5] gives a nearly 
canonical foliation. 

Definition 2 A Riemannian 3-manifold (M'^jg) is said to be asymptoti- 
cally flat if there is a compact set K C M such that M\K is dijjeomorphic 
to M'^ minus a compact set and in the coordinate chart defined by this diffeo- 
morphism, 

g = ^gij{x)dx'dx^ , 

where 

Qij = Sij + 0(|x|"^), dkgij = 0{\x\'^) didkgij = 0{\x\~^). 

Theorem ([4J) Let {M'^^g) be a complete, connected asymptotically flat 3- 
manifold with a C^'^ boundary S. There exists a proper, locally Lipschitz 
function > on M, called the solution to the weak inverse mean curvature 
flow with initial condtion S, which satisfies the following properties: 

1. 0|s = 0, lim^j^oo (p = oo. Forty 0, St = d{(j) > t} and = d{(l) > t} 
define an increasing family of C^'" surfaces. 
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2. The surfaces (Tj'^) minimize (strictly minimize) area among surfaces 
homologous to in the region {(j) > t}. The surface T,' = d{(p > 0} 
strictly minimizes area among surfaces homologous to T, in M. 

3. For almost all t > 0, the weak mean curvature of S( is defined and 
equals |V(/>|, which is positive for almost all x G E^. 

4- For each t > 0, \T,t\ = e*|S'|, and = e*|S| i/S is outer minimizing 
(that is E minimizes area among all surfaces homolgous to S in M). 

5. If {M^,g) has nonnegative scalar curvature and xi^t) < 2 for all t > 0, 
the Hawking mass 



mH{^t) = 




is monotone nondecreasing for t > and lim,t-^Q+m,H(^t) > rnni^')- 
Here x(S') is the Euler characteristic of a surface S. 



We note that when is a smooth function with non- vanishing gradient, 
property 3 is just saying that the level surfaces {Sj} move at a speed equal 
to the inverse of their mean curvature. We are now ready to prove the main 
result of this section. 

Theorem 2 Let {M^,g) he a complete, connected asymptotically flat 3- 
manifold which has a boundary S. Suppose {M^,g) has nonnegative 
scalar curvature and the solution to the weak inverse mean curvature flow 
with initial condition E satisfies xi^t) ^ 2 for all t > 0. Then 

CM(E.9)<yi|(l + ^/3I]^), (23) 

where |S| and H denote the area and the mean curvature ofT,. Furthermore, 
equality holds if and only {M^,g) is isometric to a spatial Schwarzschild 
manifold 

{Mr„gi) = ^[ro, oo) x S\ j^^^dr^ + da^^ , (24) 

where ro is some positive constant satisfying ro > 2m and do^ is the standard 
metric on the unit sphere 5^ C . 

Proof. We estimate \ Vv\^dg for functions v that have the same level 
surfaces {S^} as the function ^, which is the solution to the weak inverse 
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mean curvature flow starting at E. It follows from the calculation in Section 
2 that 

Cm(S,5) < inf |^"/'(t)2r(t)dt| , (25) 

where the infimum is taken over all f{t) satisfying /(O) = and /(oo) = 1 
and 



Tit) 



1 



\\/<f>\dfi. 



Now, for a.e. t > 0, 



\\7(t>\dn = / Hdfi, 



(26) 



(27) 



where H is the weak mean curvature of S^. To proceed, we make use of 
the key property that m//(Sf) is monotone nondecreasing for t > and 
mni^') < lims^o+ "^i? (^s)) which are guaranteed by the assumption that 
{M^,g) has nonnegative scalar curvature and x(^t) ^ 2. Hence, for each 
t > 0, 

mni^') < mni^t) = \[^ " ^ ^''^^) ' ^^^^ 



This, together with the Holder inequality, implies 

{ I Hd.lL 1 

levr 



(29) 



Hence, 



47rT(t) = f Hdii < 



16^|S'|eMl-m^(S')Jj|^e-i 



(30) 



by the fact = e*|S'|. Now write mo = m/f(S') and Aq = it follows 
from (1251) and (EOl) that 



47rCM(S,<7) <inf|y^ f{t)^F{Ao,mo,t)dt 



where F{AQ,inQ,t) is an explicit function of Aq, tjiq and t, given by 
F{Ao,fho, t) = levr^oe* {l - "^o^^e^s 



(31) 



(32) 



8 



To calculate 



infjy^ f'{tyF{Ao,mo,t)dt}, 



we consider the 3-dimensional spatial Schwarzschild metric 

9k = T^^dr' + ^'da\ 



r 



When niQ < 0, gf^^ is defined on (0, oo) x (the metric has a singularity at 
r = 0). When fho > 0, is defined on [2mo, oo) x S'^. In either case, is 
well defined on [fo, oo) x 5^, where fo satisfies Aq = A-kt^. For convenience, 
we let denote [fo,oo) x 5^, then the spatial Schwarzschild manifold 
(MfT(, j^fjy) has a boundary {r = fo} whose area is ^o- A basic fact about 
(Mf p , ) is that the classic inverse mean curvature flow in {Mf^ , ) with 
initial condition {r = fo} is given by the family of coordinate spheres 

St = {r = foes*}, (33) 

which have constant mean curvature (depending on t) and constant Hawking 
mass mo- Therefore, the corresponding function (f){x) on {Mf^,g^^) is given 

by 

(P{x) = 2\og(^\. (34) 



Next, we consider the harmonic function u on {Mf^,g^^) that equals at 
{r = fo} and goes to 1 at oo. We have two cases: 

Case 1 mo 7^ 0: 

In this case, the function 



is a non-constant harmonic function on (Mf ^ , g§^^ ) . Hence, 

u = -— . (36) 

1 - v{ro) 

The capacity of the boundary of {Mfg , g%^^ ) is 

CM.,{dM,,,gi^) = i- j^^^ \Vu\'dgi^ = ^Zr^y (^7) 
Note that u can be rewritten as 

u = /o o (38) 
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where 



1 



1 - v{ro) 



'1 - - v[ro) 
roe 2 



(39) 



It then fohows from (j37|) . (|38|) and the fact that St has constant mean cur- 
vature and mH{St) = rriQ for ah t that /o achieves 



inf|y^ /'(t)2F(io,mo,t)dt 



and the infimum is given by 



47r 



mo 



Mr, 



1 - v{ro) 



'iirxl— ( 1+ 

IGvr V V IGvr 



(40) 



Going back to (j3T[) . we have 



(41) 



Case 2 mo = 0: 

In this case, our model space (Mf^, (7^^) is the Euchdean space (M^, go) minus 
a round bah of radius fo centered at the origin. Hence, 



1 '"0 
u = 1 . 



(42) 



The capacity of the boundary of {Mfg,g^^) is 

C{dMr,) = fo. 

Defining 



/o(t) = l-e-2. 



we can rewrite u as 



u = foo(l>. 

The same argument as in the Case 1 then imphes that 



(43) 

(44) 
(45) 

(46) 



where the last equality holds because mo = 0. 
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Therefore, in both cases, we have proved that 



(47) 



To replace S' by S, we use the property that S' strictly minimizes area 
among all surfaces homologous to E. Since S is C^, S' is C^'^ and C°° 
where S' does not contact S. Moreoever, the mean curvature H' of S' 
satisfies 

i?' = on S' \ S and H' = H > H^a.e. on S' n S. (48) 
In particular, we have 

< |S1 and / H'^dj^i < [ H'^dfi. (49) 
Therefore, it follows from ([37]) and (09]) that 

CM(E..)<\/I|(l + y/^^^). (50) 

To complete the proof of Theorem |21 we must consider the case of equal- 
ity. Suppose 



it follows from the above proof that 

= [ H'^dii = [ H^dfi, 
Jt,' Jt, 



(52) 



mH{^t)=mH{^'),yt>0, (53) 

and 



Cm(S,5) = ^ [ |V(/oo0)|2d5, (54) 



Air 



where /o is either given by (|39p or (|44p and is the solution to the weak 
inverse mean curvature flow in {M^,g) with initial condition S. It follows 
from (|52p and (|53p that S is outer minimizing and the Hawking mass mfjij^t) 
equals m//(S) for every t. On the other hand, ()54p implies that 

UM = ho4> (55) 
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is a smooth harmonic function on M. As a result, the surfaces St, S do 
not "jump" to SJ, S' (as defined in meaning Sj = SJ, S = S'), for 
otherwise the set {x G \ um{x) = fo{t)} would have non-empty interior 
for some t > 0, contradicting the maximum principle for harmonic functions. 
Furthermore, applying the maximum principle to the exterior region of 
in {M^,g) and using the fact that um is constant on and is at lease 
C^, we conclude that Vum never vanishes. Therefore, 

^ = fo^ ° "^M (56) 

is a smooth function on M with non-vanishing gradient. Hence, {S^} evolve 
smoothly at a speed equal to the inverse of their mean curvature. The fact 
niHiX't) = fnaC^) for all t > then readily implies that (M^, (7) is isometric 
to a spatial Schwarzschild manifold 

{Mr„gi) = ^[ro,cx)) x S\ r^-^^dr^ + da^^ (57) 

with ro > 2m (see page 423 in [4J for detail). Theorem [2] is proved. □ 

Next, we give a topological condition of that is sufficient to guarantee 
the assumption xC^t) ^ 2 in Theorem [2j 

Proposition 1 Let {M^,g) be a complete, connected asymptotically flat 3- 
manifold with a nonempty boundary S. If H2{M, S) = and S is connected, 
then {St}t>o remains connected. In particular, x(^t) ^ 2 for all t. 

Proof: Under the assumption that S is connected, Huisken and Ilmanen 
proved that the sets {(j) < t} and {(p > t} are connected |4]. They also 
showed, for each t > 0, St can be approximated in by earlier surfaces S^, 
satisfying = S'^. Hence, we may assume T,t = {(p = t}. 

Let Si be one component of Sj. Since H2{M, S) = and S is connected, 
there is a bounded region D in M such that either dD = Si or dD = Si US. 
As the set {(j) > t} is connected and contains 00, we have cp < t on D. It 
then follows that < f on D \ Si. Hence D \ Si is a component of the 
set {(j) < t}. Since {(j) < t} is connected, we must have \ Si = {0 < t}. 
Therefore, Si is the only component of St (and dD = Si U S). We conclude 
that St is connected. □ 

Theorem [T] now follows directly from Theorem [21 Proposition [T] and the 
fact H2{M.^\n,dn) = . 
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4 Estimate of the total mass 

We prove Corollary [1] in this section. First, we point out that Theorem [2] 
translates directly into a statement about the capacity of S and the Hawking 
mass of S. 

Theorem 3 Let {M^,g) he a complete, connected asymptotically flat 3- 
manifold with a nonempty boundary E. Suppose {M^,g) satisfies all the 
assumptions in Theorem\^ Then 

|mj^(S)| > |l-a|CAf(S,g), (58) 

where a is a constant defined by 



Furthermore, in the case a ^ 1, equality holds if and only if {M^,g) is 
isometric to a spatial Schwarzschild manifold 

{Mr„gi) = ^[ro,oo) x S\ ^^s^dr^ + da^^ , (60) 

where tq is some positive constant satisfying tq > 2m and da"^ is the standard 
metric on the unit sphere S*^ C M^. 

Proof. It follows directly from Theorem [2] and the definition of the Hawking 
mass. □ 

Next, we recall the definition of the total mass of an asymptotically flat 
3-manifold (see [1], [3]). 

Definition 3 Let {M^,g) be an asymptotically flat 3-manifold. The total 
mass of {M^,g) is defined as the limit 



m - 

levr 



Ir 1™ / yZ(^i9ij - djgii)u^da, (61) 



where Sr is the coordinate sphere {\x\ = r}, v is the coordinate unit normal 
to Sr and da is the area element of Sr in the coordinate chart. 

An important feature of the weak inverse mean curvature flow, proved 
by Huisken and Ilmanen in [4], is 
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Proposition 2 Let {M'^ ,g) be an asymptotically flat 3-manifold and (f) he a 
solution to the weak inverse mean curvature flow, then 

m > lim m//(5]t), (62) 

t—l-OO 

where m is the total mass of {M^,g) and = d{(j) > t}. 



The next theorem shows that the total mass m is bounded from below 
by the same quantity (1 — a)Cj\/($], (7) as in ([58]) . A convenient feature of 
the theorem is that it does not require S to be outer minimizing. 

Theorem 4 Let {AL^,g) he a complete, connected asymptotically flat 3- 
manifold with a nonempty boundary S. Suppose {M^,g) satisfies all the 
assumptions in Theorem\^ and S has nonnegative Hawking mass. Let g{x) 
be a function on {M^,g) which satisfies 



( lim^._oo^ 



1 



a, 



(63) 



where 



Then 



a 



'— [ H^df,. 



(64) 



(65) 



m > C, 

where m is the total mass of{M^,g) and C is the constant in the asymptotic 
expansion 



g{x) 



1 



c 



1 



at 00. 



(66) 



Furthermore, the equlity holds if and only if the manifold {M^,g) is isometric 
to a spatial Schwarzschild manifold 



(Mr^gi) = [ro,oo) x 



1 



2m 
r 



dr^ + da^ 



where tq is some positive constant satisfying rg > 2m and da"^ is the standard 
metric on the unit spere S"^ C M^. 



Proof: We only need to consider the case m//(S) > (that is q < 1), as the 
case m/f(S) = is essentially the proof of the Positive Mass Theorem via 
the inverse mean curvature flow [4j. 
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We use the same notations as in the proof of Theorem [2j Applying 
Proposition [2] and using the monotonicity of the Hawking mass, we have 

m > hm rriHiJ^t) > hm mni'^t) > fnnij^')- (67) 
The proof of Theorem [2] shows 

CM(E'..)<\/M(^l + ^^/^F^d.). (68) 



Let a' = y J^' H'^dfJ-, by (jl9|) we have 

q' < a. (69) 
Thus, a' < 1. Hence, ([68]) is equivalent to 

mj^(S') > (l-a')CA/(S',5). (70) 
On the other hand, it follows from the maximum principle that 

Cm(S',5) >Cm(S,5) (71) 

with equality if and only if S = T,'. Therefore, it follows from (j67p . ()70p . 
dM]) and dni) that 

m> (l-a)CAf(S,5) (72) 
with equality if and only if S = S' and 

CM(E,,) = \/I|(^l + ^/3r^)^ (73) 

By Theorem [21 ([73p holds if and only if {M^,g) is isometric to a spatial 
Schwarzschild manifold {MrQ^Qm)- As C = (1 — a)CM{^, d), Theorem [His 
proved. □ 

Corollary [1] follows directly from Theorem [JJ Proposition [1] and the fact 

H2{n^\n,dn) = 0. 



5 Application to static metrics 

In this section, we give a simple application of Corollary [1] to the study of 
static metrics in general relativity. 
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We recall that a 3-dimensional asymptotically flat manifold (M^,g) is 
called static [5] if there is a positive function N, called the static potential 
function of {M^ , g) , satisfying ^ 1 at oo and 



{ 



NRic{g) 
AN 



(74) 



= 



where D'^N is the Hessian of N and Ric{g) is the Ricci curvature of g. It 
can be easily checked that {M^,g) and N satisfy (j74p if and only if the 
asymptotically flat spacetime metric g = —N'^dt^ + g solves the Vaccum 
Einstein Equation on M x M. In particular, (j74p implies that [M^,g) has 
zero scalar curvature. 

A fundamental result in the study of static, asymptotically flat manifolds 
with boundary is the following black hole uniqueness theorem, proved by 
Bunting and Masood-ul-Alam [3j. 

Theorem ([$]) Let {M^,g) be a static, asymptotically flat manifold with 
a nonempty smooth boundary. Let N be the static potential function of 
{M^,g). If N satisfies 



then {M^,g) is isometric to a spatial Schwarzschild manifold outside its hori- 
zon. 

The following theorem is a direct application of Corollary [1] and the 
maximum principle. 

Theorem 5 Let {M^,g) be a static, asymptotically flat manifold with a con- 
nected .smooth boundary S. Assume that {M^,g) is diffeomorphic to IR^\$7, 
where Q is a bounded domain. Let N be the static potential function of 
{M^,g). If has nonnegative Hawking mass, then 



Furthermore, equality holds if and only if [M^,g) is isometric to a spatial 
Schwarzschild manifold 



N\aM = 0, 



(75) 




(76) 




where tq is some positive constant satisfying rg > 2m and da^ 
metric on the unit spere S'^ C M'^. 



is the standard 
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Remark: If N\y, = 0, the static metric system ()74p implies that S is totally 
geodesic [3]. Hence the equality in ([76|) holds automatically. Thus, Theorem 
[5] can be viewed as a partial generalization of Bunting and Masood-ul-Alam's 
theorem. 



Proof: Let a = y H'^dfi and let Q be the function on M defined by 

lima,._oo^ = 1 

Ag = (77) 
GldM = a. 

Consider the asymptotic expansions of G and N, 





c 


.0{ 








1 - 






, as X - 


oo 




\x\ 












A 










1 - 




.w) 


, as X - 


-> oo 




\x\ 











N 

Suppose mins N > a, the strong maximum principle then implies that 

A<C (78) 

with equality if and only if = ^. By analyzing the static metric system 
()74p . Bunting and Masood-ul-Alm in [3j showed that 

A = m, (79) 

where m is the total mass of {M^,g). On the other hand, as {M^,g) has 
zero scalar curvature and mff(5]) > 0, Corollary [1] shows that 

m>C. (80) 

Therefore, it follows from ([79]) and ^ that 

m = C 

and N = g. In particular, {M^,g) is isometric to {Mrg,g'^) by the rigidity 
part in Corollary [TJ Theorem [5] is proved. □ 
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